We analize the entanglement change, under a Lorentz transformation, of a system consisting of two spin-one particles, considering different partitions of the Hilbert space, which has spin and momentum degrees of freedom. We show that there exists a complete set of states of the spin subspace in which the entanglement change of any state in the set is zero for all partitions and all values of the Wigner angle. Moreover, these states only change by a global phase factor under the Lorentz boost. Within this basis, maximally entangled invariant states, interesting for quantum information purposes, are explicitly obtained. On the other hand, the entanglement in the particleparticle partition is Lorentz invariant, thus protecting the consistency of quantum correlations and teleportation results. We show how our results may be generalized to arbitrary spin.
I. INTRODUCTION
The instantaneous collapse of a two-particle quantum state vector has no covariant meaning, since the time-ordering of two different measurements depends on the reference frame for spatially separated events. In order to analyze this problem in a concrete situation, it is convenient to study entanglement from a relativistic point of view [1] . This analysis is also important for the study of relativistic quantum infomation tasks [2, 3] . In this work, we analyze the entanglement change, after a Lorentz boost, of a system composed by two spinone massive particles in an EPR-like situation [4] . We compare our results with similar analyses done by Friis et al., and Jordan et al., for spin-1/2 particles [5, 6] . As well as these authors, we consider the particle's momentum as a discrete two-level variable, and calculate the entanglement change, with respect to different decompositions of the Hilbert space, caused by a Lorentz boost in a fixed direction. We address the question of the dependence of the entanglement change on the initial spin entanglement and argue that, instead of the initial entanglement, quantum superposition plays the key role in the initial entanglementfinal entanglement relation. We focus on initial spin states for which no entanglement change occurs at all, and show that, for the situation under study, such states form a complete basis of the two-particle spin Hilbert space. Within this basis, maximally entangled invariant states, interesting for quantum information purposes, are explicitly obtained. On the other hand, since there are elements of this basis that suffer a distinct global phase change under the boost, an arbitrary linear combination of them will not in general be Lorentz-invariant.
We generalize our results to higher spins.
In Section II we introduce, for the sake of competeness, the relativistic transformation of momentum and spin states, while Section III gives a description of the problem under study.
The results are presented and discussed in Section IV, where we also show the existence of a complete set of invariant states the two-particle spin space. Conclusions are presented in Section V.
II. LORENTZ TRANSFORMATIONS AND WIGNER ROTATIONS
In this section we present the relativistic transformation of a single-particle state with momentum and spin degrees of freedom. We use units such that c = = 1.
The four-momentum of a particle in its own rest frame is given by
where m is the rest mass of the particle. We label the four-vector components with the set of indices {0, 1, 2, 3}, and use boldface letters to denote three-vectors. The quantum state of the particle in the rest frame is denoted by |k σ . This state has a well-defined linear four-momentum, k, and a well-defined spin projection along the z-axis, σ. In our case, σ ∈ {1, 0, −1}. Let L p denote the standard Lorentz boost that takes the rest frame four-momentum k to the four-momentum p. The four-momentum eigenstates are defined in terms of the rest-frame state and the standard boosts as follows [7] :
where U is a unitary representation of the Poincaré group on the complete momentum-spin Hilbert space. These states form a complete set and satisfy
where P µ is the µ-th component of the four-momentum operator, and p µ stands for the µ-th component of p.
Now consider an arbitrary Lorentz transformation Λ. The action of Λ on the fourmomentum eigenstate |p σ is given by
Here we have defined the Wigner rotation as
It is clear that W (Λ, p) is a pure rotation, since it leaves the four-momentum k invariant:
Λp ΛL p k = k. The rotation angle Ω, called the Wigner angle, is a function of the magnitudes of the rapidities η and ω that define, respectively, the boosts L p and Λ, and under a suitable choice of setting (see below) may be written as [8] :
tan Ω = sinh |η| sinh |ω| cosh |η| + cosh |ω| .
Thus, under an arbitrary Lorentz transformation Λ, the momentum is changed from p to Λp and the spin part of the state transforms under the action of the rotation group, since, by the definition of the four-momentum eigenstates (Eq.(2)), the spin label remains unchanged after the standard boost L Λp . Hence, we have
where D (j) is a spin-j representation of the rotation group. In our case, j = 1.
III. DESCRIPTION OF THE PROBLEM
We consider an EPR-like situation with two spin-1 particles propagating in opposite directions with respect to each other, and compare the entanglement of the system before and after a Lorentz boost on the state. We take the direction of propagation to be the z-axis.
One of the particles is supposed to be under control of one observer, Alice, while the other is supposed to be under control of another spatially separated observer, Bob. The entanglement is calculated with respect to different partitions of the complete Hilbert space, which is a tensor product of Alice's and Bob's Hilbert spaces. Each of the single-particle spaces is composed by spin and momentum degrees of freedom, so that the complete Hilbert space can be written as a tensor product of four physically distinct subspaces:
s .
Here, the superscrips (A) and (B) denote Alice and Bob subsystems, while the subscripts p and s denote the momentum and spin degrees of freedom, respectively. We choose the initial state |ψ to be a pure and separable state in p and s, i.e.
where
s . Furthemore, we consider only sharpmomentum distributions, i.e. states where the momentum of each particle is concentrated around a definite value that can be p + , for propagation along the positive direction of the z-axis, and p − , for propagation along the opposite direction. For a study of wave packets in the spin 1/2 case, see [2] , while a wave packet analysis for the photonic case may be found in [9, 10] . The states in this work are considered to be normalized in the sense that p i |p j = δ ij , where the subscripts i and j can stand for the momentum labels + and −, and δ ij is the usual Kronecker delta [6] .
If the Lorentz transformation Λ of Eq.(6) were a pure rotation, then the associated Wigner rotation would not depend on the momentum of the particles and would therefore have no effect on the entanglement of the states. Furthermore, since every Lorentz transformation can be decomposed into a pure rotation and a pure boost, and pure rotations have no effect on entanglement, we consider in what follows the transformations Λ to be pure boosts.
On the other hand, we see from Eq.(4) that if the Lorentz boost Λ is along the direction of propagation of the particles, which we take to be the z-axis, then the Wigner rotation becomes the identity transformation, and causes no change in entanglement. Therefore, without loss of generality, we can choose the boost Λ to be along the x-axis, perpendicular to the direction of propagation of the particles. In this seting, the spin-one representation of the Wigner rotation takes the form
where Ω is given by Eq. (5).
Let |ψ = U (Λ)|ψ denote the state obtained from the original state |ψ after the Lorentz transformation U (Λ), i.e., |ψ is the state described by an observer that is transformed with Λ −1 with respect to the observer that describes the state with |ψ . The initial entanglement calculated from ρ = |ψ ψ| is to be compared with that obtained from ρ = |ψ ψ |. As an entanglement measure, we use the linear entropy, defined by
where the reduced density matrix ρ i is obtained from the original density matrix ρ by tracing over all subsystems except the i-th. Note that the way a state transforms is independent of the entanglement measure chosen, and we shall see that weakly-or not-entangled states can transform into maximally entangled ones, so that if E is not Lorentz-invariant nor will any other appropriate entanglement measure be. As E is a simpler measure to calculate, we choose to work with this measure (for a whole family of entanglement measures the reader may see [11] ).
For the initial state (8) we choose a family of states |p and |s parametrized as follows (this reduces to the parametrization found in [5] for the case of spin-1/2 particles):
|s 1 = sin θ cos φ|1, 1 + sin θ sin φ|0, 0 + cos θ| − 1, −1 (12a) |s 2 = sin θ cos φ|1, 1 + sin θ sin φ|0, 0 + cos θ| − 1, −1 (12b)
The three spin parametrizations cover the eigenstates of the operator J 2 in the composite Hilbert space for definite values of the parameters θ, φ, and χ.
IV. RESULTS AND DISCUSSION
In this section we analize the entanglement change for each of the partitions of the complete Hilbert space.
A. Partition A vs. B
In agreement with [8] , entanglement is conserved for all states with respect to the A vs.
B partition, due to the unitarity of the transformation induced in each of the subspaces
. That is, since we have with the principle of relativity. In this way, every physical process that involves quantum correlations, such as quantum telportation, is independent of the reference frame in which it is analyzed and the experimental results will be the same for every observer.
B. Partition p vs. s
Entanglement with respect to the p vs. s partiton is not conserved in the general case. This is because of the dependence of the Wigner rotation on the momentum of the particle. If we have an initial momentum superposition, then we have different transformations for the spin part of the system, one for each value of the momentum. Thus, the spin part of the system transforms according to a superposition of Wigner rotations, and the resulting transformed state is no longer a tensor product of spin and momentum states. On the other hand, if the initial momentum state is not a superposition, which means cos α = 0 or sin α = 0 in Eq.
(11), there is only one Wigner rotation for the state; therefore, in this case, the resulting transformed state differs from the original one only by a unitary transformation, which laves the entanglement of the system unchanged.
The change in linear entropy depends strongly on the Wigner angle, as can be seen from In all cases, the dependence of ∆E on the parameter α is merely a change of scale, which is zero for non-superposed momentum states and is maximal for the initial momentum state It is important to point out that the entanglement change is due to the linear superposition of initial momentum states and not due to the entnglement of the initial state |p . To see this, let us start with the separable state |p = 
is the transformation induced by the boost in the two-particle spin subspace when the first particle has momentum p and the second has momentum q. This final state is entangled in the spin and momentum degrees of freedom since, in general, the transformations on spin space U s (p + , p + ) and U s (p + , p − ) are not equal.
We now return to our discussion of the p vs. s partition. On the other hand, for Ω = π/2 (Fig. 3, below) , the states |1, 1 and | − 1, −1 have a maximal change in linear entropy, while the state |0, 0 stays now at the bottom of the plot.
We see, thus, how the velocity of the particles, as well as the rapidity of the Lorentz boost,
play an important role in the entanglement change of the state. In the physical situation considered here the boost direction is kept fixed and the particles momenta are always opposite in relation to each other (and given by sharp distributions).
These two facts imply the that there exists a complete set of states in the two-particle spin Hilbert space such that, for each state in this set, the action of the Lorentz boost is merely a multiplication by a global phase factor. To see this, first we note that the Wigner rotation for a single particle is restricted to be an element of SO (2), the rotation group in the plane, since a fixed boost direction implies a fixed axis of rotation. Moreover, since the momenta of the particles are always opposite, by Eq. (5) the angle of rotation for one particle will be of the same magnitude but opposite sign as that of the other particle. Then, the transformation on the two-particle spin space induced by the Lorentz transformation will be of the form
Now we show that the set
forms a representation of SO (2) . The product of two elements (Ω 1 ) and (Ω 2 ) ∈ SO(2) is given by the sum of the parameters that define these elements
Thus,
which proves our claim. Since the representations of SO (2) are completely reducible we can, by means of a change of basis, reduce the transformation U s (Ω), for any Ω, in terms of the irreducible representations of SO (2), which are of the form e imΩ , with Ω ∈ Z. For spin-one systems, the transformation U s (Ω) takes the form 
Therefore, each element of the basis which diagonalizes U s changes under a Lorentz boost only by a global phase factor. In this sense, such states may be called invariant under the kind of Lorentz boosts considered in this work (always perpendicular to the momenta of the particles). Moreover, entanglement is conserved for every linear combination of states that transform under the same irreducible representation of SO (2), and all the information about the entanglement change of an arbitrary state is kept in the relative phase factors e imΩ .
For particles with arbitrary spin, the transformation U s is also diagonal. The multiplicity a m of a given irreducible representation D (m) , that is, the number of times this representation appears in the (reducible) representation element U s , can be calculated as [12] :
where |G| is the order of the group G, χ(g) is the character of the element g ∈ G for an arbitrary representation, and χ (m) (g) is the character of the element g for the irreducible representation labeled by m. The sum is taken over all group elements and becomes an integral for the case of continous groups. For the group SO(2),
dΩ. For a two spin-j paticle system
where the characters for the single-particle space transformations, χ (A) (Ω) and χ (B) (Ω), are both given by [12] :
Putting together Eqs. (16), (17) and (18) yields, after a short calculation,
so that for an arbitrary spin j we have 
Finally, and based on this last result, we note that the invariance of entanglement dos not depend, in general, on the initial entanglement of the spin state, but on its transformation
properties. For example, the state
is separable and also invariant under the U s transformations.
V. CONCLUSIONS
The entanglement with respect to the A vs. B partition is invariant under a Lorentz transformation. This fact is a direct consequence of the unitarity of the transformation
The conservation of this kind of entanglement is fundamental for the consistency between quantum-mechanical predictions and relativistic transformations.
On the other hand, entanglement is not conserved neither for the p vs. s partition nor for the 1 vs. 3 partition. This is due to the momentum-dependence of the Wigner rotation, which induces, for momentum-superposed initial states, different transformations for different particles. The entanglement change, for a given Ω, reaches a maximum for a homogeneous momentum superposition (α = π/4), while it vanishes for non-superposed momentum states.
The dependence of the linear entropy change with respect to the initial spin state and to the Wigner angle Ω is more interesting. Generally, the states for which the entanglement change is greater are separable spin states, while this quantity remains constant (normally)
for states with maximal entanglement. However, the initial spin entanglement is not a crucial 
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